Exercices d’intégration 1

1 Formulaire

Voici quelques formules qu’il vaut mieux savoir par coeur :

f(x) F(x)
a ax +k
x?’l+1
x" (m=+ -1 +k
( ) n+1
1
o In|x| + k
e~ e +k
aX
a* —+k
Ina
Ccos X sinx + k
sin x —cosx +k
1 2
os? x =1+ tan®x tanx + k
1 2
Sin2x=1+cot X —cotx +k
! inx +k
—_— arcsin
V1—x2
1
m arctanx + k
, ulx)n+l
ux)"-u'(x) (m=+-1) U™ +k
n+1
u'(x
u((x)) Injlu(x)| + k

Ces formules sont valables sur tout intervalle inclus dans le domaine de continuité de f.

Vous pourrez vous mémes compléter le formulaire par des primitives qui se déduisent de la dérivée d'une
fonction composée : f(x) = e*™ - u’(x), F(x) = e*™ + k etc.

Comme dans le cas des formules, les résultats des exercices sont valables sur tout intervalle inclus dans
le domaine de continuité de la fonction donnée. A vous de compléter chaque résultat par la constante
d’intégration k!
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Exercices d’intégration 2
2 Puissances entieres différentes de —1
1] 4x +1 2x%2 + x
2] 3x2+4x +1 x3 +2x%2 + x
=4
30 —5x3+3x%2+4x + 1 —§-x4+x3+2x2+x
4 4
4| 1+72 X — —
x X
’ x2  x3 x 2 x?2
4 . . 4 1
6\3x2+4x+1+——i X3 +2x? +x — — §-—{
x2 x3 x 2 x2
1 .
71 (4x +1)2 ok (4x +1)3
81 3(4x +1)3 + (dx +1)2 13—6 U+ DA+ — - (dx +1)3
9 —=5(Ax + 1D* +3(4x + 1)% + (4x + 1)2 L Ux+ D) = Ux + D = (dx +1)3
T P Luxr
(Ax +1)3 8
11 5(4x +1)% + L o (4x +1)* - e (4x +1)72
(4x +1)3 16 8
1 . 4 .
121 =3(-2x +3)2 +4(-3x +1)7* 5 (=2x + 3)3 + o (=3x +1)73
3 1 y 4
131 (4-2x) —g(4—2x)
(x3—1)4 —3(x3—-1)3
1 . .
151 3x3(x3-1)8 g(x“—l)"
1 .
161 (x2+6x—-2)3-(2x +6) :l-(x2+6x—2)4
1
17 (X2 +6x-3)3-(x+3) 5-7-(X2+6x73)4
2 3.4 31 o
18 (x*+2x+1)-(3x—-2) le +§x §X 2x
19] — 2x — 3 1
(x2 -3x+1)2 x2-3x+1
20] — X9 -3 !
(x2-3x+1)2 x2-3x +1
x? 3 1
21 ———— . (x34+5
(X3 +5) 3 9
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Exercices d’intégration 3
3 Puissances fractionnaires
2 5 3
22 4x\/)7+3\/§+1:4x%+3x%+1 4. - X2 4+2Xx2 +X
9
, 3 8 o . =
23] 4dx+/x - 3J/x — —= —x?%/x —2x/x — 6/x
Jx 5
2 4 5 2
24 | \4/}_\3/)7 g-x1—3-x-s
3 1 3 5 8 o ~1/2
25 4x2 +3x2+1— —+ —— —x%/x +2xJx +x —6/x —2-5x
VX xJx 5
: 2
26 | \/3x+1=(3x+1)% 7(3x+1)5:6(3x+1)x/3x+1
1 2
27 ——— = (3x +1)"%/2 - 3x+1)2
1 2
28 e - (bx +2)2 + 5x + 2)2
I X2+ (5x 4 2)
2x3 + x3 +4 2 . 1 s
29 &/ ———— 2= .x24+--Xx°+8-x2
NES 7 2
2 5
30 xvVx+3=(x+3-3)Vx+3=... —(x+3)2 —-2-(x+3):2
9
6x—4
31| 3X 2 = 2 V3x2 —4x + 1
3x2—4x +1 3x2 —4x +1
3x +3 e
32| m 3'\/’/X2+2X+6
3 —
33| ﬁ 3-4x2 -4
340 xVx2+1 S(x2+1)>
—6Xx 3 3
35 =—6x-(2x>+1)"2 —_—
| 2x2+1)vV2x2 +1 ( ) 2x2 +1
60 (x+2)0%2 = (x +2)F é-(x+2)5
3 2 3 4 . 1
370 BYX+1————5 5.5 (x+1)5 —2-3-(x+4)s
(x +4)3 4
2 . ;
381 x2/5x3 -2 . (5x3 — 2)2
45
5 1 21 5 L
200 2x+1)32=(@2x+1)5 2si@x D) = = (2x + 1)*2
- (2x+1) (2x+1)s o] 5 (2x+1D) o X+
5 3 1 4 -3 1 2
0 4V2x +1 - ———— 4= (2x+1)3 —5-—-=-(3x—2)73
(3x —2)s 4 2 2 3
, xX+3 3002 1 ar) 2
41| T T Ox 4(x +6x)3
1+ x)? 14 3 2 s
42 —Z 2X2 + —X2 + —X2
NES 3 5
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4 Fonctions trigonomeétriques

cos 2X
sin(1 — 3x)

cos? X = = + = cos2x

sin® x = cos2x

[N NOR TS
= =

sin X cos X

1
cos2 X

1
sin? x

1—cosx 2
1 1 1
l1+cosx 2

cos X
sin? x

sin x

cos2 x
-3
CcOS X - sin® x

tan? x 1 L on?y
=—. - tan
1+cos2x 2 cos?x

sin?x  sin®x 1 , 9
o= Vi v tan X - tan® Xx
cos* X COs* X Cos* X

cos X -+ cosdx

sin 3x - sinb5x

cos? X - sin2x = 2sin x - cos® x

—_

sin? x - cos 2x -cos2x — — - (1 + cos4x)

N~ N
=

Sin2x - cosbXx = — -sin7x — — - sin3x

N |

1 .
—sin 2x
2

1
3 cos(l — 3x)

x 1 .

— + —sin2x
2 4

x 1

5 — ESHIZX

§ sin? x

tan x
— cotan X
tanx — X
—cotanXxX — X
X
— cotan —
2

X
tan —
2

-1
sin X
1

Cos X

- sin® x

- tan® x

N

- tan® x

Wl

sinbx  sin3x
- + -
10 6

sin 2x B sin 8x
16

- COS4 X

DO =

1 1 1
—.sin2x — — - (X + — - sin4x)
1 4 4

1 1
— — - cosT7X + — - cosdx
14 6
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64 |

65 |

68 |

69 |

70 |

71 |

72 |

73 |

74 |

78 |

79 |

80 |

sin X - cos2x = % - sin3x — % -sinXx

cos X
(1 +sinx)3

sin 2x
(1 + cos? x)2

cos 2X
(2 + 3sin2x)3

1 _ tan’x
cos2x - /T+tanx 1+ tanx
cos /X
NEd

10x sin(5x?)

2x
cos2(x2-1)

cos? x - sinx

1+sinx
cos2 x

sin® x
cos® x
sin® x
cos* x
sin? x - cos® x

sin® x - cos® x

1 —cos2x
1+ cos2x

1 1
— — - CcoS3X + — - CcosX
6 2

—_

1

1
1+ cos? x
1 1 1

2 (1 +sinx)?

----- (2 + 3sin2x) 2

273 2

2-+1+tanx
2 . sin/x
— cos(5x?)

tan(x? —1)
cos® x

3

+ tan X
Ccos X

3

g COS”™ X — COsS X

1., _
fgsm X + sinXx

1 1 3
—sin4dx — —sin2x + gx

32 4

1 . 1. 3
—sin4x + —sin2x + —Xx
32 4 8

sin®x  sin”

X
5 7
sin®x  sin®x
6 8
— X +tanx
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5 Fonctions faisant intervenir des exponentielles et des logarithmes

81|

82 |

83|

84 |

86 |

87|

88 |

89 |

90 |

91 |

92 |

93 |

94 |

95 |

96 |

97 |

98 |

99 |

100 |

101 |

3eBX—2

X + 3

(e* +e7)2

S X cos x

395X gin x

etanx

cos2 X
1—2e*

[a—y

3—Xx
2x +1
X2 +x+3

3X
In3

2x —-2x
C pox -t
2 2

sin x
[§]

3COS X

In3

etan X

—e ¥ —4x

1

eX +eX

e —3x —e ¥

31n|x|

In(x? - 5x + 8)

1 .
3 In(4x? —8x + 7)

2 3
~(nx):z
3(11 )

In|x + 1|

—In|3—x|=1In

lx — 3

In(x%+x+3)
In? x

2
In (e +1)
In|lnx|
In® x

3
1 n+1

" resp.sin =-1:1n|lnx|
n+1
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X+ 2 1
=1+
x+1 x+1
x .1
x+1 x+1
X 1 B 1
(x+1)2 x+1 (x+1)2
x2 2 1

=1- +

(x +1)2 Xx+1 (x+1)2
2x+3  2(x+1)+1

x+1  x+1

111 11
X2+x-2

3x+1
5x +2

2x2 -8
=2x +6+
x -3 x -3

x2+4x—6_1+ 2 N 3
x2-x—-6 X+2 x-

L
3.1 _1
5 b

3
x2+3x+4 a_ ., b c
x3-3x2+3-x x-1 x+

N 17 x-3
2x +1
2(x2+x+1)
2(3x +1)
3x2+4+2x -2
1-x x -1

XZ-2x+2  X2-2x+2
2x -3

x2-3x+1

12x — 2

6x2—-2x +8

3x -2

3x2 - 4x

v 2, L1
2x +1)(x —3) 7T 2x+1 7 x-3
x?+3x+1 I
(x+1)2 x+1 (x+1)2
Ax% +3x +1 19 23
x-22 “tTxatxo2e
2x% +3x -1 13 26

1

X2 -5x+6 xX—-2 x-3

tan x

X +In|x +1]|

x —In|x + 1|

In|x + 1| +
+1

1
X +1

xX—2-In|x+1|—
2x + In|x + 1]

1
'111‘X*1|*§'111‘X+2‘

1

- X — -In |5x + 2|

T Wl

()

¢

[\)
ot

x2+6x+10-In|x -3
x+Inlx+2>+In|x -3|3
1 11
—Injlx+1| —-2In|x —1|+ —In|x — 3]
1 1
1 , I —
5 ‘In(x*+x+1)=Invx2+x+1
In|3x2% +2x — 2

1 2
—5-111()( —2x +2)
In|x?—3x +1|

In|6x2 — 2x + 8|

- 1n |3x2% — 4x|

ENEE

1
-111\2x+'1\+?-1r1|)<73\
1
X +1
23
-2

X+In|x +1]+

4dx +191n |x — 2| —
X
2x —13In|x — 2| +261n |x — 3|

—1In|cos x|
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6 Fonctions faisant intervenir des fonctions cyclométriques

123 |

124 |

125 |

126 |

127 |

128 |

129 |

130 |

131 |

arcsin X

V1 —x?

5 arcsin? x

arctan 2x

1 9 .

2 In(x“+ 1) — 3arctan x
— Harcsin x — QW

. X
— Harcsin 5~ 24 — x2
arctan =
(e e 2

2

X
2arctan 7=
/3

V3

arcsin(tan x)
1 ) 1
1 In(4x° + 1) + 3 arctan(2x)

. X
2arcsin —= — V& — x2

2v2
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Exercices d’intégration 9

7 Technique de I'intégration par parties

133] X -sinx SiInX — X - Ccos X
134 X -cosXx CoOsX + X -sinXx
135 x-e* (x —1)-e*
136 x2.¢e* (x2=2x +2) e~
137 (x2=x+1)-e¥ (x2—=3x+4) -e¥
s X 1 X . ~
138 sinx -e ée - (sinx — cos x)
X ]' X .
139 cosx -e 58 - (sinXx + cosXx)
4
140 2x -4 —x l—r(3x274x732)-\/47x
9
2 2 12
1411 xvVx +3 (Ex?+Zx - )Vx +3
J 9] J
142 Inx Xlnx — x
1 1
143 x-lnx Zaox?ilnx — = - x?
| . 2 4
2 1 3 1 3
144 x*Inx - x°-Inx—--x
3 9
1451 x3 - lnx 1-x4-1nx——-x4
4 16
2 4
146 | /x -lnx gxg-lnx—§-x§
147 x"-lnx ! -x”“-lnx—;-x”+l
n+1 (n+1)2
1 1
148 — -lnx =~ In?x
X 2
1 1 1
149 — -lnx ——-Inx — —
x2 X X
150 In?x 2x —2x Inx +x In’x
151 1+2Inx+31Inx 5x —4x Inx +3x In®>x
x? 1 x2

152 x In?x _§X2 1nx+? In? x

4
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Exercices d’intégration 10

9 1 3
153 5x+4xInx+3xIn’x 1x2+§x2 lnx+§x2 In? x
2 2 1
1541 x2In’x — - Zx% lnx + =x® In’x
27 9 3
1551 x% In’x ix‘L — 1x4 Inx + 1x4 In? x
32 8 4
In2 x -2 2lnx In’x
156 | ; s _
x X x X
In2 x -1 Inx In’x
157 | _ _
x3 4x2  2x2  2x?
In? x 1.
158 | n “In®x
X 3
159 In®x —6x+6xInx —-3x In®x+xIn®x
160 x In®x _—x2+§x2 lnxf§x2 1n2x+1x2 In® x
8 4 4 2
-2 . 2 . 1 E 1 .
161 x2Indx 2—7x“ *5 ~x3 Inx — 5 cxd I x + B cxd I x
-3 3 3 1 .
162 x%Indx — xt = Xt nx - = cx*In?x+ - - xtPIn®x
128 32 16 4
3
163 | nx ~ . In*x
X 4
In® x -6 6lnx 3In’x In®x
164 | -0 _ _
x2 X X X X
165 | In® x -3 _3111X_31n2x_1n3x
x3 8 x2 4 x2 4 x2 2x2
166 | 1 In® x -2 2Inx In’x In®x
= . ln _ _ _
x4 27 x3 9x3 3x3 3x3
167 In*x 24x —24x Inx +12x In’x —4x In®x + x In* x
3 3 3 . 1 .
168 x In*x xS ol lx+ S 2 I x -2 Indx+ = - x2Intx
4 2 2 2
1 1
169 — -In*x — . In°x
X 5
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11

8 Technique de I’intégration par substitution

170 |

171 |

172 |

173 |

174 |

175 |

176 |

177 |

178 |

179 |

180 |

181 |

182 |

183 |

184 |

185 |

186 |

187 |

188 |

189 |

. X
sin —
2

e—3X

cos2 5x

4x — 1

(3 —2x)*

R

3 —2x
2x -5

X2 -5x+7

X

x2+1

eQX

1—3e?
cos X
1+ 2sinx

1
X -lnx

sin® x cos X

1—-2cosx
sin? x

e“SX gin x

evx
Jx
xvVx2+1

x2
(1+x3)%

x2(1 +x3)100
(1 +sinx)7 cos x

sin(ln x)

u =

x
2

X
— 2cos —
2

—3x

W=

1 ar
g tan 5x

1 3
—(4x —1)2
6( )

~(3- 2x)°
10

-3 -2x
In(x? -5x +7)
Invx2 +1

1 2x
— éhl ‘1 —3e l
1 .
3 In |1+ 2sinx |

In ] lnx|

sin® x
3

2 —cosXx

sin X

. (\cos X

1, .
g(xz +1)Vx2+1

wlv

1
~(1+x3):
2( )

1 ‘
%(XS + 1)101
303

1
—(sinx 1 8
8(:3111 +1)

—cos(ln x)
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12

190 x-eX°
2x
191 | ———
veX +1
e2X — 2¢¥
192 —_—
| e>* +1
193 | e
eX —1
194 | e’
eX + 2
03%
195 | 2x 1
196 | tan* x
197 | tan®x
198 | !
5+ 3cosx
1
199| —
3+ cosx
1
200 ———mm8m8m8m
3sinXx + 4cosx
1
201 ——
sin® x
1
202 |
cost x
1
203| —m
1+ 3cos?x
204 | 1
1+ 3sin®x
1
205 —Y/———————
2sin x + sin 2x
1+ cosx
206 | 3
sin® x

2071 VJa?2-x2 (a>0)

e =t
eX =1t
e =t
X =1t
X =t
tanx =t

X = arctant

X
tan — =t
2
tan — =1
tan — =1
tanx =1t
tanx =t
tanx =1
tanx =1
X
tan — =1t
2
t x t
an — =
2
X =a-sint

2
-ex

NI N

St 1) — 24X + 1

1 2Xx X
§ln (e** + 1) — 2arctan(e®)
eX +1nle* —1]

1
562" —2e* +41In(e* +2)

1
e + =In
2

ex—l‘

eX +1
1 3
§ tan® X —tanx + X

B tan? x
1 tan® X —

—In|cos x|

1 . (1‘5 X)
—arctan | — tan —
2aca 2a 2

1 tan%
ﬂarctan< ﬂ)
1 2tan§+1
5 ‘

tan% -2

1 3
— gcot X —cotx

1 3
gtan‘ X + tanx

1 <tan X >
5 arctan

2

1
3 arctan (2tan x)

1 x’ 1 ox

—In |tan —| + — tan® —
8

11 . x’ 1 2 X

—In |tan — | — — cot® —

2 2 4 2

1 . X : :
5 [GLQ arcsin . + xva? — XZ]
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